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Abstract
Let G be a connected and simple graph with vertex set V(G) and edge set E(G). A total labeling f : V ∪ E → {1, 2, . . . , k}
is called a vertex irregular total k-labeling of G if every two distinct vertices x and y in V(G) satisfy wf (x)  wf (y), where
wf (x) = f (x) +
∑
xz∈E(G)
f (xz). The total vertex irregularity strength of G, denoted by tvs(G), is the minimum k for which G has
a vertex irregular total k-labeling. In this paper, we provide an upper bound on the total vertex irregularity strength of the Cartesian
product of P2 and an arbitrary regular graph G.
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1. Introduction
A vertex irregular total k-labeling was introduced by Bacˇa et al. [2]. Let G be a graph with vertex set V(G) and edge
set E(G). A total labeling f : V ∪ E → {1, 2, . . . , k} is called a vertex irregular total k-labeling of G if every two
distinct vertices x and y in V(G) satisfy wf (x)  wf (y), where wf (x) = f (x)+
∑
xz∈E(G)
f (xz). The total vertex irregularity
strength of G, denoted by tvs(G), is the minimum k for which G has a vertex irregular total k-labeling.
By (p, q) − graph G we denote a graph G with p order and q size. Bacˇa et al. [2] gave a lower and upper bounds on
tvs(G) for an arbitrary (p, q) − graph G with the minimum degree δ and the maximum degree Δ as follows:
(p + δ)/(Δ + 1) ≤ tvs(G) ≤ p + Δ − 2δ + 1. (1)
In the same paper, Bacˇa et al. [2] proved that
tvs(G) ≤ p − 1 − 	(p − 2)/(Δ + 1)
 for a (p, q) − graph G with no component of order ≤ 2. (2)
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An upper bound on tvs(G) was given also by Przybylo[7]. In the paper, it was proved that
tvs(G) < 32p/δ + 8 for an arbitrary graph G (3)
and
tvs(G) < 8p/r + 3 for an arbitrary r − regular graph. (4)
This result was improved by Anholcer et al. [1]. The new result is
tvs(G) ≤ 3 p/δ + 1 ≤ 3p/δ + 4. (5)
Ramdani et al. [8] gave an upper bound on the total vertex irregularity strength for a disjoint union of arbitrary graphs⋃m
i=1 Gi as follows :
Let Gi be an r-regular graph of order pi and size qi, for i = 1, 2, . . . ,m. Then,
tvs
⎛⎜⎜⎜⎜⎜⎝
m⋃
i=1
Gi
⎞⎟⎟⎟⎟⎟⎠ ≤
m∑
i=1
tvs(Gi) −
⌊
m − 1
2
⌋
. (6)
In the same paper, Ramdani et al. [8] also gave an exact value of tvs
(⋃m
i=1 Gi
)
, which is
tvs
⎛⎜⎜⎜⎜⎜⎝
m⋃
i=1
Gi
⎞⎟⎟⎟⎟⎟⎠ =
m∑
i=1
tvs(Gi) − m + 1 (7)
if there is a vertex irregular total (tvs(Gi))-labeling fi : V(Gi) ∪ E(Gi)→ {1, 2, . . . , tvs(Gi)} of Gi such that the vertex-
weight function wfi (via) : V(Gi)→ {r + 1, r + 2, . . . , (r + 1)tvs(Gi) − 1} is a bijection for every i = 1, 2, . . . ,m.
Nurdin et al. [4] gave a lower bound on tvs(G) as follows :
tvs(G) ≥ max
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
⌈
δ + nδ
δ + 1
⌉
,
⌈
δ + nδ + nδ+1
δ + 2
⌉
, . . . ,
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
δ +
Δ∑
i=δ
ni
Δ + 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
, (8)
where ni denotes the number of vertices of degree i for every i ∈ {δ, δ + 1, . . . ,Δ}.
Bacˇa et al. [2] gave an exact value of the total vertex irregularity strength of a complete graph with order p as
follows. Let Kp be a complete graph with order p, then
tvs(Kp) = 2 for p ≥ 2. (9)
Some other results about the total vertex irregularity strength of a graph G were given by Majerski et al. [3], Nurdin
et al. [5], [6], and Wijaya et al. [9], [10].
2. Main Results
Deﬁnition 1. The Cartesian product GH of graphs G and H is a graph such that the vertex set of GH is the
Cartesian product V(G)×V(H) and any two vertices (u, u′) and (v, v′) are adjacent in GH if and only if either u = v
and u′ is adjacent with v′ in H, or u′ = v′ and u is adjacent with v in G.
The ﬁrst result below gives an upper bound on the total vertex irregularity strength of the Cartesian product graph
of P2 and G for an arbitrary regular graph G.
Theorem 2. Let G be an r − regular graph for r ≥ 1. Then
tvs(P2G) ≤ 2tvs(G).
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Fig. 1. A path P2 and a graph G
Fig. 2. The Cartesian product of P2 and G
Fig. 3. The notation of the vertices of P2G deﬁned by Theorem 2
Proof. Let G be an r−regular graph with order n, size e, and tvs(G) = t. Let V(G) = {u1, u2, · · · , un} and V(P2) =
{v1, v2}.
Denote V(P2G) = {u1, u2, · · · un} ∪ {u′1, u′2, · · · , u′n}, where ui = (v1, ui) and u′i = (v2, ui) for 1 ≤ i ≤ n.
An illustration of the notation of the vertices of P2G deﬁned by Theorem 2 is given in the ﬁgure below.
Let f be a vertex irregular total t-labeling of G. Deﬁne a total 2t-labeling g of P2G as follows:
g(ui) = f (ui);
g(u′i) = f (ui) + t − 1;
g(uiu j) = f (uiu j);
g(u′iu
′
j) = f (uiu j) + t;
g(uiu′i) = 1.
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It will be shown that there are no two vertices in P2G of the same weight.
Let ux and uy be diﬀerent vertices in G. Let the vertices adjacent to ux in G be ux1, ux2, · · · , uxr and the vertices
adjacent to uy in G be uy1, uy2, · · · , uyr. We consider 3 cases below.
1 It will be shown that wg(ux)  wg(uy).
wg(ux) = g(ux) +
∑r
s=1 g(uxuxs) + g(uxu
′
x)
= f (ux) +
∑r
s=1 f (uxuxs) + 1
= wf (ux) + 1;
wg(uy) = g(uy) +
∑r
s=1 g(uyuys) + g(uyu
′
y)
= f (uy) +
∑r
s=1 f (uyuys) + 1
= wf (uy) + 1.
Since wf (ux)  wf (uy) for every x  y, we have wg(ux)  wg(uy) for every x  y.
2 It will be shown that wg(u′x)  wg(u′y).
wg(u′x) = g(u′x) +
∑r
s=1 g(u
′
xu
′
xs) + g(uxux′ )
= f (ux) + t − 1 +∑rs=1 ( f (uxuxs) + t) + 1
= f (ux) + t − 1 +∑rs=1 f (uxuxs) + tr + 1
= f (ux) +
∑r
s=1 f (uxuxs) + t(r + 1)
= wf (ux) + t(r + 1);
wg(u′y) = g(u′y) +
∑r
s=1 g(u
′
yu
′
ys) + g(uyuy′ )
= f (uy) + t − 1 +∑rs=1 ( f (uyuys) + t) + 1
= f (uy) + t − 1 +∑rs=1 f (uyuys) + tr + 1
= f (uy) +
∑r
s=1 f (uyuys) + t(r + 1)
= wf (uy) + t(r + 1).
Since wf (ux)  wf (uy) for every x  y and t(r + 1) is a constant, we get wg(ux)  wg(uy) for every x  y.
3 It will be shown that wg(ux)  wg(u′y).
From the ﬁrst case above, we get
wg(ux) = f (ux) +
∑r
s=1 f (uxuxs) + 1.
Because the maximum label in the labeling f is t and every vertex in G has degree r, we get
wg(ux) ≤ t(r + 1) + 1.
Furthermore, from the second case above, we have
wg(u′y) = f (uy) +
∑r
s=1 f (uyuys) + t(r + 1).
Since the the minimum label in the labeling f is 1 and r ≥ 1 , we have f (uy) +∑rs=1 f (uyuys) ≥ 2. So, we get
wg(u′y) ≥ 2 + t(r + 1) > t(r + 1) + 1.
Therefore, wg(ux)  wg(u′y).
From the three cases above, there are no two vertices in P2G of the same weight. Therefore, g is a vertex irregular
total 2tvs(G)-labeling of P2G. We conclude that tvs(P2G) ≤ 2tvs(G).
The second theorem gives an upper bound on the total vertex irregularity strength of the Cartesian product of P2
and certain graph G.
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Theorem 3. Let G be an r-regular graph of order p and size q. If there is a vertex irregular total (tvs(G))-labeling
f : V(G) ∪ E(G)→ {1, 2, . . . , tvs(G)} of G such that the wf (u) < (r + 1)tvs(G) for every u ∈ V(G), then
tvs (P2G) ≤ 2tvs(G) − 1.
Proof. LetG be an r-regular graph of order p, size q, and tvs(G) = t. Let V(G) = {u1, u2, · · · , un} and V(P2) = {v1, v2}.
Let V(P2G) = {u1, u2, · · · un} ∪ {u′1, u′2, · · · , u′n} where ui = (v1, ui) and u′i = (v2, ui) for 1 ≤ i ≤ n.
The illustration of the notation of the vertices of P2G can be seen in Figures 2 and 3.
Let f be a vertex irregular total t-labeling f : V(G) ∪ E(G) → {1, 2, . . . , t} of G such that the wf (u) < (r + 1)t for
every u ∈ V(G).
Deﬁne a total (2t − 1)-labeling g of P2G as follows:
g(ui) = f (ui);
g(u′i) = f (ui) + t − 1;
g(uiu j) = f (uiu j);
g(u′iu
′
j) = f (uiu j) + t − 1;
g(uiu′i) = 1.
It will be shown that there are no two vertices in P2G of the same weight.
Let ux and uy be diﬀerent vertices in G. Let the vertices adjacent to ux in G are ux1, ux2, · · · , uxr and the vertices
adjacent to uy in G are uy1, uy2, · · · , uyr. As in the proof of Theorem 2, we will consider 3 cases, when the ﬁrst two
cases will be done similarly.
1 It will be shown that wg(ux)  wg(uy).
wg(ux) = g(ux) +
∑r
s=1 g(uxuxs) + g(uxux′ )
= f (ux) +
∑r
s=1 f (uxuxs) + 1
= wf (ux) + 1;
wg(uy) = g(uy) +
∑r
s=1 g(uyuys) + g(uyuy′ )
= f (uy) +
∑r
s=1 f (uyuys) + 1
= wf (uy) + 1.
Since wf (ux)  wf (uy) for every x  y, we get wg(ux)  wg(uy) for every x  y.
2 It will be shown that wg(u′x)  wg(u′y).
wg(u′x) = g(u′x) +
∑r
s=1 g(u
′
xu
′
xs) + g(uxux′ )
= f (ux) + t − 1 +∑rs=1 ( f (uxuxs) + t − 1) + 1
= f (ux) + t − 1 +∑rs=1 f (uxuxs) + tr − r + 1
= f (ux) +
∑r
s=1 f (uxuxs) + t(r + 1) − r
= wf (ux) + t(r + 1) − r;
wg(u′y) = g(u′y) +
∑r
s=1 g(u
′
yu
′
ys) + g(uyuy′ )
= f (uy) + t − 1 +∑rs=1 ( f (uyuys) + t − 1) + 1
= f (uy) + t − 1 +∑rs=1 f (uyuys) + tr − r + 1
= wf (uy) + t(r + 1) − r.
Since wf (ux)  wf (uy) for every x  y and t(r + 1) − r is a constant, we have wg(ux)  wg(uy) for every x  y.
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3 It will be shown that wg(ux)  wg(u′y).
From case 1 above, we get
wg(ux) = wf (ux) + 1
and from case 2 above, we get
wg(u′y) = wf (uy) + t(r + 1) − r.
Since the weight of each vertex in P2G in the labeling f at least r + 1 and the weight of each vertex in P2G
in the labeling f is less than t(r + 1), we get
wf (uy) ≥ r + 1
and
wf (ux) ≤ t(r + 1) − 1.
Therefore,
wg(ux) < t(r + 1) + 1 ≤ r + 1 + t(r + 1) − r ≤ wf (uy) + t(r + 1) − r ≤ wg(u′y).
So that, wg(ux)  wg(u′y).
From the three cases above, there are no two vertices in P2G of the same weight. Therefore, g is a vertex irregular
total (2t − 1)−labeling of P2G. We conclude that
tvs(P2G) ≤ 2t − 1.
Now, we will show that the upper bound given in Theorem 3 is tight, by proving tvs(P2Kn) = 2tvs(Kn) − 1, for
n ≥ 3.
Bacˇa et al. [2] gave a total vertex irregular-2 labeling ϕ of Kn for n ≥ 2 with V(Kn) = {v1, v2, · · · , vn} as follows:
ϕ(vi) = 1 for 1 ≤ i ≤
⌈
n
2
⌉
;
ϕ(vi) = 2 for
⌈
n
2
⌉
< i ≤ n;
and for every i, 1 ≤ i ≤ n,
ϕ(viv j) = 1 for 1 ≤ j ≤ n − i + 1, i  j;
ϕ(viv j) = 2 for n − i + 2 ≤ j ≤ n.
An illustration of the labeling ϕ can be seen in Fig. 4.
Fig. 4. (a) A complete graph K5; (b) A total vertex irregular 2−labeling ϕ of K5
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Fig. 5. The weight of vertices of K5
The labeling ϕ gives the weight of vertices in K5 as follows :
wϕ(v1) = 5; wϕ(v2) = 6; wϕ(v3) = 7; wϕ(v4) = 8; wϕ(v5) = 9.
The illustration of the weight of vertices in K5 is given below.
It is clear that wϕ(vi) < 2n for every vi ∈ V(Kn). So that, from Theorem 3, we get an upper bound on tvs(P2Kn)
is 2tvs(Kn) − 1 = 2 · 2 − 1 = 4 − 1 = 3. Besides that, from Equation 1, we get a lower bound on tvs(P2Kn) is
(2n + n)/(n + 1) = 3 for n ≥ 3. Therefore, we have the theorem below.
Theorem 4. Let P2 be a path with order 2 and Kn be a complete graph with order n. Then, for n ≥ 3,
tvs(P2Kn) = 3.
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